Abstract. In this paper, we define, via Fourier transform, an ergodic flow of transformations of a Wiener space which preserves the law of the Ornstein-Uhlenbeck process and which interpolates the iterations of a transformation previously defined by Jeulin and Yor. Then, we give a more explicit expression for this flow, and we construct from it a continuous gaussian process indexed by R 2 , such that all its restriction obtained by fixing the first coordinate are Ornstein-Uhlenbeck processes.
*
if h = h x * . In fact, for each h ∈ H, I(h) under W is a centered Gaussian variable with variance h 2 H . Because, when h = h x * , I(h) provides an extention of ( · , h) H to E, for intuitive purposes one can think of x [I(h)](x) as a giving meaning to the inner product x (x, h) H , although for general h this will be defined only up to a set of W-measure 0. An important property of abstract Wiener spaces is that they are invariant under orthogonal transformations on H. To be precise, given an orthogonal transformation O on H, there is a W-almost surely unique T O : E −→ E with the property that, for each h ∈ H, I(h) • T O = I(O ⊤ h) W-almost surely. Notice that this is the relation which one would predict if one thinks of [I(h)](x) as the inner product of x with h. In general, T O can be constructed by choosing {x * m : m ≥ 1} ⊆ E * so the {h x * m : m ≥ 1} is an orthonormal basis in H and then taking
where the series converges in E for W-almost every x as well as in L p (W; E) for every p ∈ [1, ∞). See Theorem 8.3.14 in [5] for details. In the case when O admits an extension as a continuous map on E into itself, T O can be the taken equal to that extension. In any case, it is an easy matter to check that the measure W is preserved by T O . Less obvious is a theorem, originally formulated by I.M. Segal (cf. [6] ), which says that T O is ergodic if and only O admits no non-trivial, finite dimensional, invariant subspace. Equivalently, T O is ergodic if and only if the complexification O c has a continuous spectrum as a unitary operator on the complexification H c of H.
The classical Wiener space provides a rich source of examples to which the preceding applies. Namely, take H = H One of the simplest examples of an orthogonal transformation on H 1 0 for which the associated transformation on Θ is ergodic is the Brownian scaling map S α given by S α θ(t) = α 
). Moreover, since {S α : α ∈ (0, ∞)} is a multiplicative semigroup in the sense that S αβ = S α • S β , one has the continuous parameter version
of the preceding result. A more challenging ergodic transformation of the classical Wiener space was studied by Jeulin and Yor (see [1] , [2] and [4] ), and, in the framework of this article, it is obtained by considering the transformation O on H 
In addition, one can check that lim n→∞ g,
In order to study the transformation T O in greater detail, it will be convenient to reformulate it in terms of the Ornstein-Uhlenbeck process. That is, take H U to be the space of absolutely continuous functions h : R −→ R such that
Then H U becomes a separable Hilbert space with norm · H U . Moreover, the map F :
is an isometric surjection which extends as an isometry from Θ onto Banach space U of continuous ω :−→ R satisfying lim |t|→∞ |ω(t)| log |t| = 0 with norm ω U = sup t∈R log(e + |t|) Note that the scaling transformations for the classical Wiener space become translations in the Ornstein-Uhlenbeck setting. Namely, for each α > 0, F •S α = τ log α •F , where τ s denotes the time-translation map given by [τ s ω](t) = ω(s + t). Thus, for s = 0, the results proved about the scaling maps say that τ s is an ergodic transformation for W H U . In particular, for -measure preserving and all but one of which is ergodic. In Section 2, this flow is described via Fourier transforms. In Section 3, a direct and more explicit expression, involving hypergeometric functions and principal values, is computed. In Section 4, we study the two-parameter gaussian process which is induced by the flow introduced in Section 2. In particular, we compute its covariance and prove that it admits a version which is jointly continuous in its parameters.
Preliminary description of the flow
Let O and T O be the transformations on H Θ onto U. Clearly, the inverse of F is given by
Because F is unitary and O is orthogonal on
is an orthognal transformation on H U , and because
Equivalently,
where µ is the finite, signed measure µ given by
To confirm that ω * µ is well-defined as a Lebesgue integral and that it maps U continuously into itself, note that, for any ω ∈ U and t ∈ R,
The Fourier transform µ of µ is given by
Hence, for all h ∈ H U and λ ∈ R,
which, since
provides another proof that S ↾ H U is isometric. The preceeding, and especially (2.1), suggests a natural way to embed S ↾ H U into a continuous group of orthogonal transformations. Namely, for u ∈ R, let µ * u to be the unique tempered distribution whose Fourier transform is given by
and define S u ϕ = ϕ * µ * u for ϕ in the Schwartz test function class S of smooth functions which, together with all their derivatives, are rapidly decreasing. Because
it is obvious that S u has a unique extension as an orthogonal transformation on H U , which we will again denote by S u . Furthermore, it is clear that
where 1 16π
Hence, by Riemann-Lebesgue lemma, shows that (g, S u h) H U tends to zero when |u| goes to infinity. Now define the associated transformations S u := T S u on U for each u ∈ R. By the general theory summarized in the introduction and the preceding discussion, we know that {S u : u ∈ R} is a flow of W H U -measure preserving transformations and that, for each u = 0, S u is ergodic.
A more explicit expression
So far we know very little about the transformations S u for general u ∈ R. By getting a handle on the tempered distributions µ * u , in this section we will attempt to find out a little more.
We begin with the case when u is an integer n ∈ Z. Recalling that µ = −δ 0 + e − t 2 1 t≥0 dt, one can use induction to check that, for n ≥ 0,
dt , where L n is the nth Laguerre polynomial. Indeed, the Laguerre polynomials satisfy the following relations: for all n ≥ 0,
* n is a finite, signed measure for n ∈ Z and S n ω can be identified as µ * n * ω for all ω ∈ U and n ∈ Z. As the next result shows, when u / ∈ Z, µ * u is more singular tempered distribution than a finite, signed measure.
Proposition 3.1. For each u / ∈ Z, the distribution µ * u is given by the following formula:
where pv denotes the principal value, and Φ u ∈ L 2 (R) is the function for which Φ u (x) equals Proof. Define the functions ψ u and θ u from R * = R \ {0} to R so that θ u (x) = e − x 2 ψ u (x) and ψ u (x) equals
From Lebedev [3] , p. 264, equation (9.10.6), with the parameters α = 1 − u or α = 1 + u, n = 1, z = x or z = −x, the function ψ u satisfies, for all x ∈ R * , the differential equation:
, and grows at most polynomially at infinity. One then deduces that θ u decreases as least exponentially at infinity, and satisfies (for x = 0) the following equation:
At the same time, by writing e −|x|/2 = (e −|x|/2 − 1) + 1 and expanding θ u (x) accordingly, we obtain:
u are all smooth functions. The derivatives of the functions x, |x|, x log |x|, |x| log |x| in the sense of the distributions are obtained by interpreting their ordinary derivatives as distributions. Similarly, the product by x of their second distributional derivatives are obtained by multiplying their ordinary second derivatives by x. Hence, both η 
Note that the term in brackets, in the definition of ν u , is a locally integrable function, and that ν u coincides with the function θ u in the complement of the neighborhood of zero. Let us now prove that ν u satisfies the analog of the equation (3.2) , in the sense of the distributions. One has:
one obtains, after straightforward computation, 
